Abstract. The notion of a parallelizable distribution has been introduced and investigated. A non-integrable parallelizable distribution carries a natural sub-Riemannian structure. The geometry of this structure has been studied from the bi-viewpoint of absolute parallelism geometry and sub-Riemannian geometry. Two remarkable linear connections have been constructed on a sub-Riemannian parallelizable distribution, namely, the Weitzenböck connection and the sub-Riemannian connection. The obtained results have been applied to two concrete examples: the spheres S 3 and S 7 .
Introduction
Sub-Riemannian Geometry [1, 4, 10, 15, 16] has many applications such as diffusion, mechanics, gauge theories and control theory [7, 13] . Absolute parallelism geometry or the geometry of parallelizable manifolds [3, 17, 20, 21] is frequently used for applications in physics, especially in the geometrization of physical theories such general relativity and gravitation [6, 12, 14, 18, 19] .
Several attempts [2, 5, 8, 9] have been made to construct a connection theory in sub-Riemannian geometry. Our approach is different. We define a parallelizable distribution (PD) on a finite dimensional manifold M. A non-integrable PD on M carries simultaneously two structures: an absolute parallelism structure and a sub-Riemannian structure. We make use of both structures to build up a connection theory on PD's. Two remarkable connections have been constructed on a sub-Riemannian parallelizable distribution, namely, the Weitzenböck connection and the sub-Riemannian connection. The obtained results have been applied to the spheres S 3 and S 7 . The wide spectrum of applications of both sub-Riemannian geometry and absolute parallelism geometry makes our approach, which enjoys the advantages of both geometries, a potential candidate for more applications in different fields.
Parallelizable distribution and Sub-Riemannian structure
We first give some fundamental definitions concerning sub-Riemannian geometry. For a more detailed exposition of Sub-Riemannian geometry, we refer to [1, 4, 10, 15, 16] . By a manifold M, we mean an n-dimensional smooth manifold.
We shall always deal with differentiable distributions.
According to Frobenius theorem, a distribution D is integrable if and only if it is involutive.
The smallest integer r such that D r p = T p M is said to be the step of the distribution D. If r does not exist, we say that the distribution is of infinite step. In the following we shall deal with a certain type of distributions, namely, parallelizable distributions. Throughout the paper, M will denote an n-dimensional smooth manifold, C ∞ (M) the algebra of smooth functions on M, X(M) the C ∞ (M)-module of smooth vector fields on M and Γ(D) the C ∞ (M)-module of smooth sections of a distribution D. Einstein summation convention will be applied to all pairs of repeated indices even when they are both down. We shall follow the notations and use the results of [20] . Definition 2.6. A distribution HM on M of rank k < n is said to be parallelizable if it admits k independent global smooth sections
Proposition 2.7. Every parallelizable distribution admits a sub-Riemannian metric.
The parallelization forms
defines a sub-Riemannian metric on HM.
Corollary 2.8. A non-integrable parallelizable distribution (HM,
i X) defines a subRiemannian structure on M with sub-Riemannian metric g (defined by (2.2)).
It should be noted that the parallelization sections
According to [15, 16] , there exists a metric extension G for g that makes the split
⊥ . This decomposition of T M induces two projectors h : T M → HM and v : T M → V M, called horizontal and vertical projectors, respectively. The projectors h and v are C ∞ (M)-linear with the properties
Linear connections on parallelizable distributions
In this section, we explore the natural sub-Riemannian structure associated with a parallelizable distribution (HM, i X). We introduce and investigate two remarkable connections on HM, namely, the Weitzenböck connection and the sub-Riemannian connection. The last one generalizes the Levi-Civita connection to the sub-Riemannian case. We shall continue to follow the notations and use the results of [20] . 
Proof. To prove the uniqueness assume that ∇ is a linear connection satisfying the condition ∇ i X = 0. For all Y ∈ X(M), Z ∈ Γ(HM) we have, by (2.1) and (3.1),
Hence, the connection ∇ is uniquely determined by the relation
To prove the existence, let ∇ :
. It is easy to show that ∇ is a linear connection on HM with the required property.
The unique linear connection ∇ on HM defined by (3.2) will be called the Weitzenböck connection of (HM, i X). (a) The torsion tensor of the Weitzenböck connection is defined by:
(b) The curvature tensor of the Weitzenböck connection is defined by:
The torsion and curvature tensors of an arbitrary linear connection on (HM, i X) can be defined similarly.
The torsion tensor T of ∇ has the properties:
Because of the property (3.1), the curvature tensor of the Weitzenböck connection vanishes identically.
Definition 3.4. Given a vector field W ∈ X(M), the horizontal Lie derivative with respect to W of the metric tensor g is defined, for all Y, Z ∈ Γ(HM), by: 
Proof. Let W ∈ X(M) and Z ∈ Γ(HM). Set
where
It is clear that,
• ∇ is a linear connection with the desired properties. For example, let us prove the property (c):
Hence,
For the uniqueness, assume that ∇ is another linear connection satisfying (a), (b) and (c). Define the tensor ψ(W, Z) :=
On the other hand, for X, Y, Z ∈ Γ(HM),
Hence, ψ(W, Z) := 0 ∀ W ∈ X(M), Z ∈ Γ(HM), which completes the proof.
Remark 3.6. (a)
The non vanishing counterparts of the torsion tensor
On the other hand, 
The sphere S 3
Let M = S 3 , the 3-sphere, and let (y 0 , y 1 , y 2 , y 3 ) be the coordinates on S 3 . Consider the parallelization vector fields on S 3 given by [11] :
Let HM = span{ The sub-Riemannian metric of HM, defined by (2.2), is given by
We have g(HM, HM) = HM, HM and HM, V M = 0, where . , . is the usual inner product of R 4 .
• The Weitzenböck connection ∇ defined by (3.2) has coefficients
The torsion tensor T of ∇ is given by
and the curvature tensor of ∇ vanish identically.
• The sR-connection defined by (3.3) has coefficients
The non vanishing components of the torsion tensor
and the non vanishing components of the curvature tensor
Remark 4.1. It should be noted that
. This implies that the distributions span{ X} are also bracket generating of step 2 and we can perform the same calculation as above for each of them. Consequently, there are exactly three distinct sub-Riemannian parallelizable structures on S 3 .
The sphere S 7
Consider the 7-sphere S 7 . For each point p ∈ S 7 , the vector fields Y 1 , · · · , Y 7 form an orthonormal frame of T p S 7 , where [11]
Let HM = Span{ X} are given by 1 Ω = −y 2 dy 0 + y 3 dy 1 + y 0 dy 2 − y 1 dy 3 − y 6 dy 4 + y 7 dy 5 + y 4 dy 6 − y 5 dy 7
2 Ω = −y 3 dy 0 − y 2 dy 1 + y 1 dy 2 + y 0 dy 3 + y 7 dy 4 + y 6 dy 5 − y 5 dy 6 − y 4 dy 7 3 Ω = −y 4 dy 0 + y 5 dy 1 + y 6 dy 2 − y 7 dy 3 + y 0 dy 4 − y 1 dy 5 − y 2 dy 6 + y 3 dy 7
4 Ω = −y 5 dy 0 − y 4 dy 1 − y 7 dy 2 − y 6 dy 3 + y 1 dy 4 + y 0 dy 5 + y 3 dy 6 + y 2 dy 7
5 Ω = −y 6 dy 0 + y 7 dy 1 − y 4 dy 2 + y 5 dy 3 + y 2 dy 4 − y 3 dy 5 + y 0 dy 6 − y 1 dy 7
6 Ω = −y 7 dy 0 − y 6 dy 1 + y 5 dy 2 + y 4 dy 3 − y 3 dy 4 − y 2 dy 5 + y 1 dy 6 + y 0 dy 7 .
The metric g of HM, defined by (2.2), is given by We have g(HM, HM) = HM, HM , and HM, V M = 0, where . , . is the usual inner product on R 8 .
As an illustration, some components of the torsion tensor T of ∇ are given by and the curvature tensor of ∇ vanishes identically.
• The sR-connection defined by (3.3) has the properties:
For the coefficients of The non vanishing components of the torsion tensor
It is to be noted that the other non-vanishing components of T and the non-vanishing components of
• R have not been written down. They have been computed using Maple program but they are so long. The following result is also proved using Maple.
